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Topological quantum states have been proposed and investigated on two-dimensional flat surfaces
or lattices with different geometries like the plane, cylinder and torus. Here, we study quantum
anomalous Hall (QAH) or Chern insulator (CI) states on two-dimensional singular surfaces (such
as conical and helicoid-like surfaces). Such singular geometries can be constructed based on the
disk geometry and a defined unit sector with n-fold rotational symmetry. The singular geometry
induces novel and intriguing features of CI/QAH states, such as in-gap and in-band core states,
charge fractionalization, and multiple branches of edge excitations.
PACS numbers: 73.43.Cd, 71.10.Fd, 71.55.-i, 71.10.Pm
Introduction.—The discovery of integer quantum Hall
(IQH) states [1] with integer Hall conductances is a mira-
cle in condensed matter physics which introduces the no-
tion of topology into physics [2]. The Haldane model [3]
is the first quantum anomalous Hall (QAH) or Chern
insulator (CI) model with non-trivial topological bands
labeled by Chern numbers [2]. Other CI/QAH models
were proposed subsequently, like the checkerboard-lattice
model, the kagome´-lattice model, and the lattice Dirac
model [4–8]. Recently, the Haldane model has been re-
alized in ultracold fermionic systems [9]. The IQH state
can be described based on the Pauli principle with an in-
teger filling factor and its wave function is a single Slater
determinant. Clearly, this is much simpler than the frac-
tional quantum Hall (FQH) states [10, 11] which obey
the generalized Pauli principle (GPP) [12].
Charge fractionalization is one of the key features of
FQH states, however, fractional charge can also be ob-
served in IQH systems [13, 14]. Fractional charge is
also predicted in some low-dimensional systems like the
Su-Schrieffer-Hegger (SSH) [15, 16] model, the Kekule´
graphene structures [17], the IQH states on the conical
surface [18, 19] and defects in topological lattices [20, 21].
Fascinatingly, the FQH states not only can be investi-
gated on various geometries such as the disk, sphere,
cylinder and torus [11, 22–24], but also can be con-
structed on the singular surfaces [25–29]. For FQH states,
the excessive charges on the tip of the conical surface
can be estimated [25]. Similarly, the CI/QAH states, as
well as the fractional quantum anomalous Hall (FQAH)
or fractional Chern insulator (FCI) states [30–33] have
been studied on the disk, cylinder and torus. Recently,
topological states were proposed on the singular surfaces
such as the fullerenes [21] and Mo¨bius surfaces [34, 35].
The bulk-edge correspondence is another key feature of
IQH/FQH states. Edge excitations of IQH states were
initially described by the 1D Fermi liquid [36], while edge
excitations for FQH states are described by the 1D chi-
ral Luttinger liquid [37, 38]. There is one branch of edge
5
6
12
3
4
10
11
12
7
8
9
22
23
24
19
20
21 17
18
13
14
15
16 28
29
3025
26
27
40
41
42
37
38
39 35
36
31
32
33
34
52
53
54
49
50
51 47
48
43
44
45
46 64
65
66
61
62
63 59
60
55
56
57
58 70
71
7267
68
69
72
(a)
5
5
12
3
4
9
10
6
7
8
19
20
16
17
18
15
11
12
13
14
24
2521
22
23 24
34
30
35
31
32
33
26
27
28
29
44
45
41
42
43
40
36
37
38
39 54
55
51
52
53
50
46
47
48
49 59
59
6056
57
58
60
(b)
5
7
12
3
4
11
12
14
8
9
10
25
26
28
22
23
24 19
21
15
16
17
18 32
34
3529
30
31
46
47
49
43
44
45 40
42
36
37
38
39
60
61
63
57
58
59 54
56
50
51
52
53 74
75
77
71
72
73 68
70
64
65
66
67 81
83
8478
79
80
84
7
6 13 27
20
33
34
48
41
62
55
76
69
82
83
Unit Sector
(c)
FIG. 1: (color online). The kagome´ lattice on planar and sin-
gular surfaces. (a) On disk geometry, the kagome´ lattice sat-
isfies the C6 rotational symmetry. (b) The unfolded drawing
of the C5 rotational symmetric kagome´ lattice on the conical
surface. Once reducing the rotational symmetry of the disk,
the lattice is on the conical surface. (c) The unfolded draw-
ing of the C7 rotational symmetric kagome´ lattice is viewed
as a disk geometry gluing a unit sector. The lattice size is
indicated by the circles and the labelled numbers. We mark
the lattice sites with 1,2,3... to highlight the connections.
excitations in the ν = 1 and ν = 1/m quantum Hall
states and two branches of edge excitations in the FQH
states with filling factor 1−1/m and 2/5 (m is an odd in-
teger) [37]. Edge excitations for FCI/FQAH states have
been previously obtained and reconstructed based on the
GPP [32, 33].
In this paper, we construct the CI/QAH states on sin-
gular lattices with arbitrary n-fold rotational symmetry.
There are some localized states around the lattice cen-
ter (core states) on the singular geometries which create
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FIG. 2: (color online). (a)-(d) The energy and density profile of the 60-site kagome´ lattice with 5-fold rotational symmetry
on the conical surface. The core states are marked by the red and cyan short line. The density of these two states is shown
in (b) and (d) with a local density near the corner and the edge state is show in (c) with the green line. (e)-(h) The energy
and density profile of the 72-site kagome´ lattice with 6-fold rotational symmetry on disk. We show the density of bulk and
edge states in (f)-(h). For the disk, there is no core states in the gap. (i)-(l) The energy and density profile of 84-site kagome´
lattice with 7-fold rotational symmetry on the singular surface. (j)-(l) The localized in-gap states. (k) The edge state. Here,
we choose a trap potential Vtrap = 0.005.
a new branch of edge states because of the inner lattice
defect. The many-particle states of CI/QAH at the unit
filling factor (ν = 1) can be obtained based on the Pauli
principle. Charge fractionalization exists around the sin-
gular center and the fractional charge is revealed by the
density profile along the radius. Interestingly, there are
multiple branches of edge excitations in these systems be-
cause of more than one occupation choices for fermions
meeting core states, and each branch of edge excitations
has the same quasi-degeneracy sequence.
Models and single-particle states.—The kagome´ lattice
on disk geometry with 6-fold rotational symmetry ex-
hibits a nearly rounded edge [shown in Fig. 1(a)]. How-
ever, when we reduce the rotational symmetry, the disk
geometry changes into the conical surface and its un-
folded drawing is a sector shown in Fig. 1(b) with 5-fold
rotational symmetry. At the same time, when the ro-
tational symmetry is increased, the disk geometry will
be projected into a helicoid-like surface and its unfolded
drawing is a disk and a sector with 7-fold rotational
symmetry shown in Fig. 1(c). Here, we choose the sec-
tor with angle pi/3 as a unit sector which is shown in
Fig. 1(c). Other singular geometries with arbitrary n-fold
rotational symmetry can be constructed through “cut-
ting and gluing” the unit sectors. In the following, we
specify each singular lattice based on its radius and its
n-fold rotational symmetry.
The tight-binding Hamiltonian of the kagome´-lattice
CI/QAH model is given by:
HKG = − t
∑
〈rr′〉
[
a†
r
′ar exp (iφr′r) + H.c.
]
− t′
∑
〈〈rr′〉〉
[
a†
r
′ar +H.c.
]
(1)
Where a†
r
(ar) creates (annihilates) a particle at site
r,〈. . .〉 and 〈〈. . .〉〉 denote the nearest-neighbor (NN) and
the next-nearest-neighbor (NNN) pairs of sites. φ is
the parameter for the staggered-flux phases. We choose
the flat band parameters of the kagome´ model: t = 1,
t′ = −0.19, φ = 0.22pi [32, 33]. In order to obtain
stable and confined edge states, we add the conven-
tional harmonic trap on these geometries of the form
V = Vtrap
∑
r
|r|2nr with Vtrap as the potential strength
(with the NN hopping t as the energy unit), |r| as the ra-
dius from the disk center (with the half lattice constant
a/2 as the length unit) [32, 33].
The single-particle energy spectra and wave functions
(or densities) of the Kagome´-lattice model can be ob-
tained on the planar and singular surfaces. According to
the results of numerical exact diagonalization, there are
some core states on singular surfaces (shown in Fig. 2).
Because of the increasing or reducing the number of unit
sectors, lattice defects emerge around the lattice center
with an edge formed around the inner n-sided polygon.
These core states are confirmed by the single-particle
density distributions in lattice sites. From the single-
particle densities along the radial direction, it is possible
to discern some states localized around the center. From
Fig. 3, we observe that the number of core states is in-
creased with the increasing number of unit sectors. Here,
we choose the radius r = 5 lattice with the trap potential
Vtrap = 0.005. These core states are also the inner “edge
states” around the lattice center because of the increas-
ing the number of unit sectors, and the number of core
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FIG. 3: (color online). (a)-(e) The single-particle energy spec-
tra of the kagome´ lattice on the singular geometries with 12-,
18-, 24-, 30- and 36-fold rotational symmetry. There is a
fixed-energy state in the L = 0 angular momentum sector
(blue dot) and some core states (green dot) around the cor-
ner in the gap and bulk for 12-, 18-, 24-, 30- and 36-fold
rotational symmetries. The green dot can be viewed as the
“edge state” around the inner n-sided polygon. Here, the lat-
tices on singular surfaces have the radius r = 5 and the trap
potential is Vtrap = 0.005.
states is related to the number n for the system with the
n-fold rotational symmetry.
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FIG. 4: (color online). (a) The density profile of the singular
kagome´ lattices along the radial direction. (b) The missing
charge (∆c) varies periodically with the increasing of the num-
ber of unit sectors n. We use the linear function to fit their
relations ∆c = µn + β. Here, µ1 and µ2 denote the average
slope of ∆c with adding a unit sector or adding a disk. The
lattice radius is r = 14 in an infinite potential well filled by
N = [145n/6] spinless fermions.
Many particles and fractional charge.—The wave func-
tion for IQH state on disk geometry is
ΨIQH({zi}) =
∏
i<j
(zi − zj)exp(−
∑
i
|zi|
2/4l2B), (2)
where z = x + iy and lB is the magnetic length.
The IQH state of spinless fermions can be constructed
based on the single-particle states and the Pauli princi-
ple. The observables (like the energy, density) of many-
particle states are the superposition of the observable
for single-particle states, O =
∑
iOi, where O and Oi
are the observables of many-particle and single-particle
states (like the density profile shown in Fig. 4(a)). For
CI/QAH states, configurations of many-particle states
are 111 . . .1, 111 . . .101, 111 . . .1001, . . ., where “1” and
“0” denotes the particle number occupying the orbital.
Many-particle states can be constructed based on the
configurations.
Charge fractionalization has been observed on some
non-fractional systems with defects like the SSH
model [15], the Kekule´ lattice [17], and the singular sur-
faces [18] and lattices [20, 21]. There are some methods
to calculate the fractional charge, e.g. from local density
of states [17, 20], continuum description in the low en-
ergy limit [20, 21], and excessive charge in FQH states
described in terms of the density profile [25]. Inspired by
the calculation of excessive charge in FQH states on the
singular surfaces [25], the fractional charge around the
center of singular lattices is
∆c =
rmax∑
r
[ρr(n)− ρr(6)]nr, (3)
where rmax is upper limit of summation, ρr(n) is the
density at the radial direction r on the singular lattice
with n-fold rotational symmetry and nr is the number of
lattice sites at the radius r [shown in Fig. 4(a)]. Here,
we choose r = 14 singular lattices filling with [145n/6]
spinless fermions and ‘[. . .]’ is the integer function. The
fractional charge is fitted using a linear function which
the slope µ1 is the missing charge when adds a unite
sector and µ2 denotes the missing charge with adding a
disk. Based on the fitting results, about −1/4, −1/2,
−3/4, . . . fractional charge emerges around the center of
the singular lattice [shown in Fig. 4(b)] with adding a
unit sector. For n > 6 and n < 12, the fractional charge
shows qn = −(n − 6)/4 which is in accordance with the
fractional charge in isolated defects on the lattice with
conical singularities or topological fullerenes [20, 21]. A
reasonable explanation to the fractional charge is the ex-
cessive berry phase with the excessive area at the center
of singular lattices [21]. Once adding a disk, a new core
state (we call it “effective core state”) will appear be-
tween the fixed-energy state (shown in Fig. 3 blue dot)
and the second energy band with a ±1/2, ±1, ±3/2, ...
charge emerging around the center of singular lattices.
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FIG. 5: (color online). Edge excitations for the CI/QAH states on singular geometries with 5-, 10-, 21- and 33- fold rotational
symmetry. (a)-(b) There are two branches of edge excitations for the CI/QAH with the fermions filling one core state. (c)-(d)
There are four branches of edge excitations for the CI/QAH with the fermions filling two core states. There is an energy branch
mixed with the red branch marked the blue color in (c). There number of filling spinless fermions is 6 in (a) and 16 in (b)-(d).
Here, the lattice radius is r = 5 with the trap potential Vtrap = 0.005 in (a)-(b) and Vtrap = 0.015 in (c)-(d).
Edge excitations.—Considering the configurations of
many-particle states 111 . . .11, 111 . . .101, 111 . . .1001,
. . ., a branch of edge excitations for fermions at integer
filling on disk lattice can be obtained. Different from the
CI/QAH states on disk, there are some core states in the
band and gap for the CI/QAH states on singular surfaces
(shown in Fig. 2 and Fig. 3). The fermions occupy all en-
ergy levels obeying the Pauli principle including the core
states at the case of integer filling. For a core state in
the band, there are two cases for the fermions occupying
the energy levels: occupying the core state or not. As a
result, there are two branches of edge excitations when
the fermions meeting a core state [shown in Fig. 5(a) and
(b)]. Much more interestingly, when fermions meet two
core states, there are four cases for the fermions occupy-
ing and four branches edge excitation [shown in Fig. 5 (c)
and (d)] can be observed on some singular lattices with
the proper trap potential though some edge excitations
may be mixed with others [like one shown in Fig. 5(c)].
Followed by analogy, ideally, there are 2Ncore branches of
edge excitations for a system with Ncore core states in
the energy band. These branches of edge excitations are
different from some FQH states with two edge-excitation
branches like in 2/5 FQH states. For these FQH states,
two branches of edge excitations are observed because the
FQH states consist of two independent droplets [37, 38]
instead of the core states.
It is surprising and interesting that the CI/QAH
states of integer filling have more than one branches
on the singular lattices. For a 5-fold rotational sym-
metry lattice with the trap potential Vtrap = 0.005,
the 7th single-particle state is a core state with an-
gular momentum 4 and there are two branches of
edge excitations in this system. One branch is the
fermions only filling in the extended states [the purple
branch in Fig. 5(a)] which the edge configurations are
11111100, 11111001, 111110001, 11110101, 1111100001,
111101001, 11101101, etc. For the other branch (the
red one), the fermion occupies in a core state with the
energy configurations 11111010, 11110110, 11101110,
11110011, 1111001010, 111010110, etc. Here, 1 (0)
denotes the fermions occupying (non-occupying) the core
states. There are also two branches of edge excitations
for some systems with other n-fold rotational symmetry
on the singular lattices [shown in Fig. 5(b)]. Similarly, if
a system exists two proper core states, the fermions have
four choices to occupy with more than two branches of
edge excitations. For example, there are two core states
(the 7th one and the 30th one) of the CI/QAH on the
singular surface with 21-fold rotational symmetry and
the trap potential Vtrap = 0.015. There are at least three
obvious branches of edge excitations shown in Fig. 5(c)
and the configurations for one of branches colored
with red line are 11111111 . . . 110, 11111111 . . . 1010,
11111111 . . . 10010, 11111111 . . . 0110, etc. The edge
configurations of fermions in the green branch with-
out occupying the first core (the 7th) state are
11111101 . . . 110, 11111101 . . . 1010, 11111101 . . . 10010,
11111101 . . . 0110, etc. Some fermions occupy the second
core (the 30th) state and the energy configurations
are 11111111 . . . 1100 . . .010, 11111111 . . . 10100 . . .010,
11111111 . . . 10010 . . .010, 11111111 . . . 10110 . . .010,
etc. The 4th edge excitations with the edge configuration
11111101 . . . 10 . . .010, . . . are the blue ones covered in
the red branch [shown in Fig. 5(c)]. Similarly, there
are four obvious edge branches when fermions meet two
proper core states [shown in Fig. 5(d)].
Summary.—The CI/QAH states on singular surfaces
5with arbitrary n-fold rotational symmetry can be ob-
tained by varying the number of unit sectors. Different
from the CI/QAH states on planar geometries, there are
some core states localized around the center of the singu-
lar surfaces. We then construct the many-particle states
and edge excitations at unit filling based on the Pauli
principle. The charge fractionalization can be observed
in the singular lattice at unit filling. For the cases with
one core state, there are two branches of edge excitations.
Fascinatingly, there are more than two branches of edge
excitations observed when the number of core states in-
creases.
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